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WEIERSTRASS SIGMA FUNCTION
COEFFICIENTS DIVISIBILITY HYPOTHESIS
ELENA YU. BUNKOVA
Abstract. We consider the coefficients in the series expansion at zero of theWeierstrass
sigma function
σ(z) = z
∑
i,j>0
ai,j
(4i+ 6j + 1)!
(
g2z
4
2
)i (
2g3z
6
)j
.
We have ai,j ∈ Z. We present the divisibility Hypothesis for the integers ai,j
ν2(ai,j) = ν2((4i+ 6j + 1)!)− ν2(i!)− ν2(j!)− 3i− 4j,
ν3(ai,j) = ν3((4i+ 6j + 1)!)− ν3(i!)− ν3(j!)− i − j.
If this conjecture holds, then σ(z) is a Hurwitz series over the ring Z[ g2
2
, 6g3].
1. Exposition
An elliptic function is a meromorphic function on the complex torus T = C/Γ, where
Γ ⊂ C is a lattice of rank 2. That is, an elliptic function is a meromorphic function in C
with the periodicity property
f(z + ω) = f(z) for ω ∈ Γ.
TheWeierstrass sigma function σ(z) = σ(z; g2, g3) is an entire function in C determined
by the system of equations Q0σ(z) = 0, Q2σ(z) = 0, where
Q0 = 4g2
∂
∂g2
+ 6g3
∂
∂g3
− z
∂
∂z
+ 1, Q2 = 6g3
∂
∂g2
+
1
3
g22
∂
∂g3
−
1
2
∂2
∂z2
−
1
24
g2z
2, (1)
and initial conditions σ(0) = 0, σ′(0) = 1. See [1].
The Weierstrass functions ζ(z) and ℘(z) are determined by the expressions
ζ(z) =
∂ ln σ(z)
∂z
and ℘(z) = −
∂ζ(z)
∂z
.
Set ∆ = g32−27g
2
3. For ∆ 6= 0 the function ℘(z) is elliptic. Denote it’s lattice of periods
by Γ. Any elliptic function with periods Γ is a rational function in ℘(z) and ∂
∂z
℘(z).
The functions ℘(z) and ℘′(z) satisfy the Weierstrass equation
℘′(z)2 = 4℘(z)3 − g2℘(z)− g3. (2)
2. Weierstrass recursion
Consider σ(z) as a series expansion at 0. Then σ(z) ∈ Q[g2, g3][[z]]. From (1) we have
σ(z) = z −
g2
2
z5
5!
− 6g3
z7
7!
− 9
g22
4
z9
9!
− 18g2g3
z11
11!
+ . . . .
Set
σ(z) = z
∑
i,j>0
ai,j
(4i+ 6j + 1)!
(
g2z
4
2
)i (
2g3z
6
)j
, ai,j ∈ Q.
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Theorem 2.1 (Weierstrass recursion, see [1]). We have
ai,j = 3(i+ 1)ai+1,j−1 +
16
3
(j + 1)ai−2,j+1 −
1
3
(4i+ 6j − 1)(2i+ 3j − 1)ai−1,j (3)
for i > 0, j > 0, (i, j) 6= (0, 0), and
a0,0 = 1; ai,j = 0 for i < 0 or j < 0.
This theorem follows from (1). Let us note that it determines all the coefficients ai,j.
3. Hurwitz series expansion ring
We say that ϕ(z) is a Hurwitz series over the ring R and write ϕ(z) ∈ HR[[z]] if
ϕ(z) ∈ R ⊗Q[[z]] and
ϕ(z) =
∞∑
k=0
ϕk
zk
k!
, ϕk ∈ R.
Problem 3.1. Find the minimal ring R, such that σ(z) ∈ HR[[z]].
We have Z[g2
2
, 6g3] ⊂ R ⊂ Q[g2, g3].
Corollary 3.2 (from 2.1). σ(z) ∈ HZ[1
3
][g2
2
, 2g3][[z]].
Theorem 3.3 ([3]). σ(z) ∈ HZ[1
2
][g2, g3][[z]].
Proof. The article [3] states that σ(z) ∈ HZ[µ1
2
, µ2, µ3, µ4, µ6][[z]] for the sigma-function of
the general Weierstrass model of the elliptic curve y2+(µ1x+µ3)y = x
3+µ2x
2+µ4x+µ6.
Set µ1 = µ2 = µ3 = 0, µ4 = −
g2
4
, µ6 = −
g3
4
. We get the curve (2). Thus σ(z) ∈
HZ[g2
4
, g3
4
][[z]] and therefore σ(z) ∈ HZ[1
2
][g2, g3][[z]]. 
Corollary 3.4 (from 3.2, 3.3). σ(z) ∈ HZ[g2
2
, 2g3][[z]].
Therefore in (3) we have ai,j ∈ Z.
4. Divisibility hypothesis
Let νp(·) denote p-adic valuation. Set
bi,j =
(4i+ 6j + 1)!
23i+4j 3i+2j i! j!
.
Lemma 4.1. bi,j ∈ Z.
Proof. As (4i+6j+1)!
i! j! (3i+5j+1)!
∈ Z we have νp(bi,j) > 0 for prime p > 3.
By Legendre’s formula νp(n!) =
∞∑
k=1
⌊ n
pk
⌋
, so for p = 2 we have
ν2((4i+ 6j + 1)!) =
∞∑
k=1
⌊4i+ 6j + 1
2k
⌋
= 2i+ 3j +
∞∑
k=1
⌊2i+ 3j
2k
⌋
>
> 2i+ 3j + i+ j +
∞∑
k=1
⌊ i
2k
⌋
+
∞∑
k=1
⌊ j
2k
⌋
= 3i+ 4j + ν2(i!) + ν2(j!),
2
and for p = 3 we have
ν3((4i+ 6j + 1)!) =
∞∑
k=1
⌊4i+ 6j + 1
3k
⌋
= i+ 2j +
⌊i+ 1
3
⌋
+
∞∑
k=1
⌊i+ 2j + i+1
3
3k
⌋
>
> i+ 2j +
∞∑
k=1
⌊ i
3k
⌋
+
∞∑
k=1
⌊ j
3k
⌋
= i+ 2j + ν3(i!) + ν3(j!).

Hypothesis 4.2. ν2(ai,j) = ν2(bi,j), ν3(ai,j) = j + ν3(bi,j).
Corollary 4.3. If Hypothesis 4.2 holds, the ring Z[g2
2
, 6g3] solves problem 3.1.
5. Numerical calculations
The coefficients ai,j grow fast. We have, for example, the prime factorisation
a10,10 = −2
11 · 320 · 52 · 7 · 11 · 19 · 415516114672128127554409484207124689335643.
So far Hypothesis 4.2 has no proof. Numerical calculations using mathematical software
(Maple 2015) show that Hypothesis 4.2 holds for all i 6 100, j 6 100.
The following tables give ν2(ai,j) for 0 6 i 6 20, 0 6 j 6 20 and ν3(ai,j), ν3(ai,j) − j
and ν5(ai,j) for 0 6 i 6 20, 0 6 j 6 10.
Table 4 suggests there is no formula like Hypothesis 4.2 for νp(ai,j) for prime p > 3.
Table 1. ν2(ai,j)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 2 0 1 0 3 0 1 0 2 0 1 0 4 0 1 0 2 0
1 3 2 3 1 4 3 4 1 3 2 3 1 5 4 5 1 3 2 3 1
3 3 3 3 4 4 4 4 3 3 3 3 5 5 5 5 3 3 3 3 4
3 3 5 5 4 4 5 5 3 3 6 6 5 5 6 6 3 3 5 5 4
3 6 5 6 4 6 5 6 3 7 6 7 5 7 6 7 3 6 5 6 4
6 7 6 8 6 7 6 10 7 8 7 9 7 8 7 10 6 7 6 8 6
7 7 8 8 7 7 10 10 8 8 9 9 8 8 10 10 7 7 8 8 7
7 7 7 7 9 9 9 9 8 8 8 8 9 9 9 9 7 7 7 7 10
7 8 7 11 9 10 9 11 8 9 8 11 9 10 9 11 7 8 7 12 10
8 12 11 12 10 12 11 12 9 12 11 12 10 12 11 12 8 13 12 13 11
12 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12 13 13 13 13 13
12 12 13 13 12 12 14 14 12 12 13 13 12 12 16 16 13 13 14 14 13
12 14 13 14 12 15 14 15 12 14 13 14 12 17 16 17 13 15 14 15 13
14 15 14 17 15 16 15 17 14 15 14 19 17 18 17 19 15 16 15 18 16
15 15 17 17 16 16 17 17 15 15 19 19 18 18 19 19 16 16 18 18 17
15 15 15 15 15 15 15 15 17 17 17 17 17 17 17 17 16 16 16 16 16
15 16 15 17 15 16 15 20 17 18 17 19 17 18 17 20 16 17 16 18 16
16 18 17 18 16 21 20 21 18 20 19 20 18 21 20 21 17 19 18 19 17
18 18 18 18 21 21 21 21 20 20 20 20 21 21 21 21 19 19 19 19 21
18 18 22 22 21 21 22 22 20 20 22 22 21 21 22 22 19 19 22 22 21
3
Table 2. ν3(ai,j)
0 0 2 1 1 3 2 4 5 4 4 6 5 5 8 7 8 9 8 8 12
1 2 3 3 3 6 5 5 7 5 6 7 8 8 10 9 9 11 9 12 13
3 3 5 4 6 7 7 7 9 7 7 10 9 10 11 11 11 15 13 13 15
4 4 7 6 6 8 7 8 9 9 9 11 10 10 12 11 14 15 14 14 16
5 7 8 8 8 10 9 9 12 10 11 12 12 12 16 15 15 17 15 16 17
8 8 10 9 10 11 12 12 14 12 12 14 13 16 17 17 17 19 17 17 20
9 9 11 10 10 13 12 13 14 13 13 17 16 16 18 17 18 19 19 19 21
10 11 12 13 13 15 14 14 16 14 17 18 18 18 20 19 19 22 20 21 22
12 12 15 14 15 16 16 16 20 18 18 20 19 20 21 22 22 24 22 22 24
13 13 15 14 14 16 15 18 19 18 18 20 19 19 22 21 22 23 22 22 25
14 15 16 16 16 20 19 19 21 19 20 21 22 22 24 23 23 25 23 25 26
Table 3. ν3(ai,j)− j
0 0 2 1 1 3 2 4 5 4 4 6 5 5 8 7 8 9 8 8 12
0 1 2 2 2 5 4 4 6 4 5 6 7 7 9 8 8 10 8 11 12
1 1 3 2 4 5 5 5 7 5 5 8 7 8 9 9 9 13 11 11 13
1 1 4 3 3 5 4 5 6 6 6 8 7 7 9 8 11 12 11 11 13
1 3 4 4 4 6 5 5 8 6 7 8 8 8 12 11 11 13 11 12 13
3 3 5 4 5 6 7 7 9 7 7 9 8 11 12 12 12 14 12 12 15
3 3 5 4 4 7 6 7 8 7 7 11 10 10 12 11 12 13 13 13 15
3 4 5 6 6 8 7 7 9 7 10 11 11 11 13 12 12 15 13 14 15
4 4 7 6 7 8 8 8 12 10 10 12 11 12 13 14 14 16 14 14 16
4 4 6 5 5 7 6 9 10 9 9 11 10 10 13 12 13 14 13 13 16
4 5 6 6 6 10 9 9 11 9 10 11 12 12 14 13 13 15 13 15 16
Table 4. ν5(ai,j)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0
0 0 1 1 1 0 0 1 1 1 0 0 1 1 1 0 0 1 1 1 0
0 2 1 1 1 0 1 1 1 1 0 1 1 1 1 0 1 1 1 1 0
2 1 1 1 1 2 1 1 1 1 2 1 1 1 1 2 1 1 1 1 2
1 1 1 1 1 1 1 1 1 1 2 1 1 2 1 1 1 2 1 2 2
1 1 1 1 2 1 2 1 1 2 1 1 1 1 3 1 1 2 2 2 3
1 1 3 2 3 3 1 2 2 2 1 1 2 3 2 1 2 2 3 3 2
1 3 2 2 2 1 2 2 2 3 1 2 5 2 2 2 2 4 3 3 2
3 2 2 2 2 3 2 2 3 2 3 3 2 2 2 3 3 3 3 4 4
2 2 2 2 3 2 2 2 3 2 2 5 2 2 4 3 3 4 3 3 3
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